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Delaying product differentiation is a hybrid strategy that strives to reconcile the dual needs of high variety and quick response time.
A common product platform is built to stock in the first stage of production (called the Make-To-Stock (MTS) stage) which is then
differentiated into different products after demand is known in the second stage (known as the Make-To-Order (MTO) stage). In
this article, we develop models to compute the costs and benefits of delaying differentiation in series production systems when the
order lead times are load dependent. The models are then used to gain insights through analytical and numerical comparisons. For
example, we observe the following patterns in a large number of numerical experiments. The effect of congestion in the MTS and
MTO stages is asymmetric with tighter capacity at the MTO stage having a greater detrimental effect on the desirability of delaying
differentiation. If there is flexibility in choosing the point of differentiation, higher loading is observed to favor later differentiation.
Also, if the sequence in which work is performed can be affected, then placing workstations that have a tighter capacity in the MTS

stage lowers costs.

1. Introduction

In today’s business environment, a manufacturing firm that
has the ability to fill customer orders quickly, as well as offer
custom products, enjoys a competitive advantage. However,
the need to a have high product variety and quick response
time places conflicting demands on the production system
(Lee, 1996; Lee and Tang, 1997; Fisher et al., 1999). It is for
this reason that businesses that compete on response time
focus on producing a limited portfolio of products. Items
are produced ahead of demand and kept in stock, ready to
be shipped upon receipt of orders. Producing to stock be-
comes costly when the number of products is large. It is also
risky when demand is highly variable and/or products have
short life cycles. Therefore, a significant increase in prod-
uct variety normally goes hand-in-hand with a shift from a
Make-To-Stock (MTS) to a Make-To-Order (MTO) mode
of production. In the MTO mode, production is not initi-
ated until a customer order is received. While this strategy
eliminates finished-goods inventories and reduces a firm’s
exposure to financial risk, it usually spells long customer
lead times and large order backlogs. An alternative to both
MTO and MTS paradigms that has recently gained in pop-
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ularity is delayed differentiation (Lee and Billington, 1994;
Feitzinger and Lee, 1997; Swaminathan and Tayur, 1998).
Delayed differentiation is a hybrid strategy in which a com-
mon product platform is built to stock. It is differentiated,
by assigning to it certain customer-specific features, only
after demand is realized. Hence, manufacturing occurs in
two stages, (i) a MTS stage where one or more undifferen-
tiated platforms are produced and stocked; and (ii) a MTO
stage where product differentiation takes place in response
to specific customer orders.

Delaying differentiation carries several benefits. Main-
taining stocks of semi-finished goods reduces the order-
fulfillment delay relative to the pure MTO system. Since
many different end products have common parts, hold-
ing semi-finished goods inventory benefits from demand
pooling, which is known to lower the amount of inven-
tory needed to achieve a service-level performance equal
to that of a comparable system with no pooling (Eppen,
1979). Furthermore, investment in semi-finished invento-
ries is smaller when compared with the option to main-
tain a similar amount of finished-goods inventory. There is
also the benefit of learning, realized from having better de-
mand information before committing generic semi-finished
products to unique end products. Additional benefits from
delaying differentiation include a significant streamlining
of the MTS segment of the manufacturing process and
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simplification of production scheduling, sequencing and
raw material purchasing. However, implementing delayed
differentiation also carries costs; included here are the costs
of extra materials (when common designs are made pos-
sible by having redundant or more expensive parts) and
less efficient processing (when common processing leads to
the use of a less specialized production equipment, extra
processing steps, or greater yield losses). In this paper, we
call all costs necessary to realize a common product plat-
form as the product and process redesign costs. Therefore,
in assessing the value of delaying differentiation, its costs
have to be carefully weighed against its counter-balancing
benefits.

Recent literature showcases several examples in which
delayed differentiation has been successfully used to con-
trol inventory costs while maintaining high service lev-
els. For example, Feitzinger and Lee (1997) describe how
delayed differentiation, through operation reversal and
component sharing, helped Hewlett-Packard’s printer di-
vision to customize its products in a cost-effective man-
ner. Swaminathan and Tayur (1998) describe how IBM
exploited component commonalities in personal comput-
ers to design a common platform, or a vanilla box, from
which end products are differentiated based on customer
orders. Fisher et al. (1999) discuss how component sharing
isused by several major automotive companies to standard-
ize braking systems. Bruce (1987) reports on the well-known
case of Benetton who, by reversing the order in which yarn
is dyed and knitted, are able to successfully delay color se-
lection until the season’s fashion preferences become more
established. Graman and Magazine (1998) describe how
delayed packaging is used by a manufacturer of household
cleaning products to reduce its finished-goods inventory
and improve service levels.

Previous studies also present quantitative models to as-
sess the costs and benefits of delaying differentiation (see,
for example, Lee (1996), Garg and Tang (1997), Lee and
Tang (1997), Swaminathan and Tayur (1998, 1999), and
Aviv and Federgruen (1999, 2001a, 2001b), among others).
These models focus on the trade-off between the benefits
of inventory pooling and learning on the one hand, and
product/process redesign costs, on the other. The major-
ity use order-up-to-level inventory models in which order
lead times are not affected by the order size, the number
of pending orders, or the number of end products. If lim-
ited production capacity is modeled, the order lead times
are assumed to be constant which ignores any congestion
at the production facility. In doing so, these models ignore
how the utilization of the production facility and process-
ing time variability interact to affect order delays. Recently,
Aviv and Federgruen (2001a, 2001b) have modeled a sys-
tem that is closely related to the model under investigation
in this article. They consider a two-stage system in which
stage-1 produces undifferentiated items that are later dif-
ferentiated in stage-2. The lead times in both stages are
assumed constant. In Aviv and Federgruen (2001a), both
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stages have no capacity constraint, whereas in Aviv and
Federgruen (2001b), stage-1 has limited capacity.

In this paper, we extend the existing literature on delayed
differentiation by explicitly modeling the effect of queueing
at both the MTS and the MTO stages of the production
process. To our knowledge, our paper is the first to examine
the benefits of delaying differentiation when lead times are
load dependent and induced by a capacitated production
system. Our work is related to a growing body of literature
on MTS queues, an overview of which can be found in
Buzacott and Shanthikumar (1993). Other treatments of
multi-class production-inventory systems include Lee and
Zipkin (1992, 1995), Wein (1992), Zipkin (1995), Ha (1997),
and De Véricourt et al. (2000).

The models presented in this article are deliberately kept
simple so that operations managers may use them to exam-
ine the key trade-offs arising from different manufacturing-
system configurations. In fact, for some commonly occur-
ring configurations, we carry out numerical and analyti-
cal comparisons and identify new insights. That is, there
are three types of results presented in this article. First,
we present algebraic expressions to compute the aggregate
performance measures of systems that use the Delayed Dif-
ferentiation (DD) strategy and systems that keep finished-
goods inventories. In all cases, the performance measures
of systems with DD are based on an approximation. These
results are presented as propositions. Next, we use these
performance measures to compute the optimal stocking lev-
els for different system configurations in numerical exper-
iments. Generalizations based on observing patterns that
emerge from these numerical experiments are reported as
observations. Such observations appear to be generally true,
but we have not been able to prove them through rigorous
mathematical arguments. Finally, we compare the limiting
behavior of some configurations using the algebraic expres-
sions of performance measures. These comparisons are also
reported as propositions, and they are in agreement with the
generalizations based on numerical experiments.

Some examples of the generalizations that are supported
by a large number of numerical experiments are as follows.
A higher utilization at either stage (which implies greater
congestion) makes DD less desirable. Intuitively, this can be
explained as follows. A tighter second-stage capacity forces
the system with DD to hold more inventory in order to
meet service-level requirements or avoid shortage penalties
(depending on the model formulation). The inventory in-
vestment is more significant under DD because the second
stage does not carry inventory, with the result that when
utilization is sufficiently high, DD becomes inferior to pure
MTS. The effect of a tighter capacity at the first stage is
more subtle. A higher stage-1 utilization induces a higher
congestion and causes the lead times experienced by consec-
utive orders processed by stage-1 to have a greater positive
dependence. An increased positive dependence in turn di-
minishes the value of the inventory pooling associated with
DD. We observe that having a tighter capacity in the second
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stage has a greater negative effect on the desirability of DD.
A corollary of this phenomenon is that if there exists some
flexibility in choosing the point of differentiation, a higher
loading tends to favor later differentiation. Also, when there
is flexibility in ordering the workstations that constitute the
production line, placing workstations that have a tighter ca-
pacity in the MTS stage is found to be more cost effective.

The remainder of this article is organized as follows. In
Section 2, we discuss our target application and modeling
assumptions. In Section 3, we evaluate the advantage of DD
relative to a pure MTS system when commonalities among
products already exist. In Section 4, we identify the optimal
point of differentiation when varying degrees of DD can be
achieved at the cost of redesigning the products and/or the
production processes. The effect of using several partially
differentiated products, instead of a single undifferentiated
platform common to all products, is explored in Section 5.
Finally, in Section 6, we summarize key results. The proofs
of selected propositions are provided in the Appendix.

2. Target application and modeling assumptions

We focus attention on assemblers that initially choose a
strategy for competing on price, quality, size of product
menu and delivery-time dimensions. These choices and the
competitive response, in turn determine their market share
and demand rate. Assemblers then design their production
systems to achieve the desired performance on the chosen
competitive dimensions. This paper is concerned with the
selection of an appropriate manufacturing-system configu-
ration with the goal of minimizing the overall system costs.
The choices considered are the pure MTO, the pure MTS
and a hybrid design which utilizes DD.

The primary application of our models is to indus-
tries, such as computer assembly, that make different prod-
ucts utilizing a component assembly process with product-
invariant assembly time. For example, all laptop modelsin a
particular product line undergo the same assembly process
with nearly uniform assembly times. In these systems, DD
is enabled either by taking advantage of existing common-
alities among products, or by standardizing components
across products or by reorganizing operations so that those
that are common to all products are performed first (Lee
and Tang, 1997).

A multistage production system has three types of in-
ventory: (i) a Work-In-Process (WIP) inventory; (ii) a
semi-finished-goods inventory; and (iii) a finished-goods
inventory. The WIP inventory consists of raw materials or
semi-finished products that have been released to a work-
station, but have not yet completed processing. These items
are worked upon as soon as the workstation becomes avail-
able. In contrast, the semi-finished goods inventory resides
between production stages. It is inventory that is staged
ahead of demand and has not yet been released to the down-
stream stage. Release of this inventory is triggered only by
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the arrival of a customer order, at which time a unit of semi-
finished-goods inventory (if one is available) is transfered
to the immediate downstream station to become WIP for
that station. The location of the semi-finished-goods inven-
tory defines the boundary between MTS and MTO stages,
also known as the push-pull boundary. The removal of semi-
finished and finished goods from their respective stores is
driven by demand from the immediate downstream stage,
or exogenous customers, as appropriate. In contrast, WIP
is found in the input buffers of workstations, regardless of
whether the workstation belongs to the MTS or MTO stage.

For each fixed service level, the standardization of com-
ponents and semi-finished products and inventory pooling
that goes hand-in-hand with DD can lower requirements
of all three types of inventory. In this article, we focus on
the reduction in cost attributed to semi-finished-goods in-
ventory because such benefits accrue only to the assembler.
In contrast, the benefits of component standardization are
mostly realized by the supplier since the applications we
have in mind are those in which components are delivered
just-in-time and little or no inventory is held at the assembly
site (Magretta, 1998).

The reduction in WIP inventory is due to the fact that
the input process to the MTO stage is affected by the size of
the undifferentiated inventory buffer separating the MTS
and the MTO stages (see Section 3). Having an inventory
buffer between the two stages can lower the inter-arrival
time variability to the second stage, thereby reducing WIP
in that stage. However, the overall impact of pooling on WIP
inventory is relatively small since both the total demand and
the assembly times are assumed not to be affected by DD.
In Section 3, we present further evidence that the net change
in WIP inventory is negligible in all practical applications
and consequently argue that it may be ignored.

Manufacturing managers often set and strive to achieve
explicit delivery time goals, which they may measure either
as the average order-fulfillment time, or as the proportion
of orders that exceed a critical delivery-time target (e.g.,
a quoted lead time). The models we present treat either
of these points of view. Our choice of order delay as the
measure of service stems from the observation that most
applications of DD arise in situations where quick response
to customer orders is central to the competitiveness of the
firm. We also treat the case where instead of striving to meet
a service-level constraint, the assembler incurs a backorder
cost per unit short per unit time. We assume that there is no
setup involved in switching from assembling one product to
another. This is true in many industries where our models
will be applicable, e.g., computer assembly. We assume in all
our models that customer orders are met on a First-Come
First-Served (FCFS) basis. Since all customers carry the
same priority and are quoted the same lead time, the use of
the FCFS policy is reasonable.

We consider three situations in this article. In the first sit-
uation, there are some pre-existing commonalitiecs among
products, e.g., when the first few operations/components
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are naturally common among all products. The question
then is “should we take advantage of the existing common-
alities and delay differentiation until demand is realized or
should we continue to produce each product in the MTS
fashion?” In the second situation, we consider systems that
have flexibility in choosing the point of differentiation. The
question there is “what is the optimal point of differentia-
tion and how is it affected by system parameters?” In the
third situation, we consider systems where instead of build-
ing a single and expensive common platform across all prod-
ucts, it is cheaper to build several semi-differentiated plat-
forms; each of which may correspond to a different product
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family. The question then is “what is the relative advantage
of full DD (a single platform) as compared to partial dif-
ferentiation (multiple platforms)? Put differently, “are there
cases for which partial DD is nearly as good as full DD?”

3. MTS versus DD

In this section, we identify conditions under which a firm
should take advantage of naturally occurring commonal-
ities and delay differentiation instead of producing in the
MTS fashion. A graphical depiction of the two systems be-
ing compared is shown in Fig. 1.
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Fig. 1. The two systems under consideration: (a) pure MTS; and (b) system with DD.
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3.1. The model

There are M finished products, indexed by j; j=
1,2,---, M. Demand for product-j occurs according to a
Poisson process of rate A;; A denotes the total demand
rate. For the pure MTS system, demand is satisfied from
stock unless the corresponding inventory store is empty. All
shortages are backordered. For the system with DD, each
demand arrival releases an undifferentiated item from the
intermediate inventory store, which then joins the queue of
jobs, if any, that are waiting to be processed at stage-2 where
differentiation takes place. However, if there are no semi-
finished items in store, then the demand is backlogged for
processing at stage-1. Our DD model can also be viewed as
an instance of a generalized queueing network with signals
where a demand arrival signals a transfer from the buffer
to stage-2 (see Chao and Zheng (1998) for details).

For both systems, inventories are managed according to
a base-stock policy, that is, each demand triggers the imme-
diate release of a new raw-material kit (which is assumed to
be always available) to the queue of kits at stage-1. The base-
stock level for semi-finished items is denoted as by, whereas
the base-stock level for type-j finished items is called b¢(j).
The base-stock levels are also referred to as the buffer sizes
since replenishments under a base-stock control policy are
triggered to keep the inventory buffers full. The process-
ing rate at stage-i is denoted by u; (regardless of product
type). For stability, we require that A/u; = p; < 1, where p;
is the stage-i utilization. We assume that the unit processing
times at each stage are exponentially distributed. This helps
simplify analysis and represents the practical worst case for
benchmarking production system performance (Hopp and
Spearman, 2000). Finally, we let A; = A = A/M for all j
and assume that per-unit holding and backorder costs are
independent of product type. These assumptions of symme-
try imply that optimal buffer sizes for finished products are
also equal. That is, b¢(j) = by for all j. The above-mentioned
simplifications are necessary in order to carry out fair com-
parisons between systems with different levels of product
variety. It is, however, mathematically straightforward to
extend the analysis to systems with unequal demand and
product-specific holding and backorder costs.

Before the DD and the MTS configurations can be com-
pared, managers need to resolve the related operational
problem of choosing the best values of bq and by, which
we shall denote with the superscript “x.” Our modeling
approach allows several different formulations of the op-
erations managers’ objective function for the purpose of
finding b3 and bf. For example, a plausible objective is to
minimize the relevant inventory costs subject to a service-
level constraint. Alternatively, managers may want to mini-
mize the sum of inventory and backorder costs. An accept-
able service can be specified either as an upper bound on
the average order-fulfillment time or as an upper bound
on the probability of not filling customer orders within a
quoted lead time. (Note that the order-fulfillment time is
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the total time elapsed from the moment a demand arrives
to the moment the finished product is supplied to the cus-
tomer.) Fill rate or stock-out probability are not meaningful
measures of service in the setting we describe since no order
can be filled immediately upon receipt under DD. Indeed,
we are implicitly assuming that the customers are willing to
tolerate some delay, although they measure performance
by a function of the length of this delay. Since we impose
the same service-level requirement on both systems, the two
systems can be compared in terms of the cost of inventories
held either as finished goods or as undifferentiated items
(for cost-based systems, we must also consider backorder
costs). We shall observe later in this section that WIP in-
ventory level is approximately the same for the two systems.
Carrying costs of WIP inventory are therefore irrelevant for
the task of finding the optimal buffer sizes.

We shall focus next on developing a detailed formulation
of the problem for finding b} and b;. To this end, we shall
derive expressions for the relevant costs and service perfor-
mance measures in each case. The inventory and backorder
costs for the pure MTS system are given respectively by:
MhiI(b;) and MPBBi(br), where hy is the holding-cost rate
of finished goods, B is the backorder cost per item short
per unit time and /¢(y) and Br(y) are respectively the aver-
age finished-goods inventory and backorder level for each
end product when the base-stock level is y. Similarly, inven-
tory cost and backorder costs for the system with DD are
given respectively by hgl4(bg) and BBy(bq) where hg is the
holding-cost rate for undifferentiated inventory and /4(y)
is the average semi-finished-goods inventory given a base-
stock level of y. The term Bgy(y) stands for the average total
backorder level for all finished items. We use the notation
Fi(y) and F4(y) to refer, respectively, to the expected order-
fulfillment time for the pure MTS and the DD systems.
Similarly, we use the notation Fx(y) to refer to the proba-
bility that the order-fulfillment time exceeds a quoted lead
time x, when the base-stock level is y.

Upon treating each stage as a single-server queueing sys-
tem, performance measures of interest for the MTS system
can be derived as shown in the following proposition.

Proposition 1. In the MTS system, the expected inventory,
backorder level and the order-fulfillment time are:

v e - L2
l1—p
if pr =p2=0p,
To(b) = | M1 —p)(1— p2) (bfﬁz(l — p2) = A3(1 - 55)
(02— p1) (1= p2)?
bepi(1 = p1) — A1 = YY)
- (=51 )
otherwise,
(1)
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M 2/3bf+1
- b ~be+1
x (o 15)
ifpp=p=p, and
Fi(by) = b .
M2(1 = p)(1 — pz)( pyt )
A(p2 — p1) (1—-p2?* (1—=p1)?
otherwise,
(2)
Bitb) = Tith) + M( b P _ bf), 3)
l—p1 1—=po

where p = p/[M(1 — p) + p]and p; = p;/[M(1 — p;) + pi].
Furthermore, the probability that the order-fulfillment time
exceeds a quoted lead time x (x > 0) is given by:

Fo(by) = Pr(Fi(by) = x) = pye FUI=P2/0Ix 4 5 4(x, by),
(4)

where, for any y > 0:

AV —[A(1—=p2)/p2]x _ AY ,—[AM1=p1)/p1]x
[ Pre e
(1— pz)( 2 1 )

02— P1
ax, y)= if o1 # P2,
e BUDI O3~ p)(py + 1),
if p1 = p2 = p.
)
Proof. A proof is provided in Appendix A. |

Evaluating performance measures for the model with
DD is more complicated since the stage-2 input process
is Poisson only in two special cases: by = 0 and bg = oo.
The former instance results in two M /M /1 queues in tan-
dem whose steady-state probabilities are known to have
a product-form structure (Jackson, 1957). Similarly, when
buffer size is very large, the two stages are completely de-
coupled and behave like two independent M /M /1 queues.
However, when 0 < by < 00, there is a positive dependence
between the arrival of input units from stage-1 to stage-2
(see Appendix A for details), which makes the determina-
tion of the steady-state probabilities difficult.

Lee and Zipkin (1992) develop an approximation scheme
for evaluating performance measures of multistage produc-
tion systems by proposing that each stage be treated as an
exogenous, sequential supply system. The term exogenous
is used to underscore their assumption that the workload at
each stage is independent of the other stages in the system.
Each supply system is then modeled as having an exponen-
tially distributed delay with parameter v; = u;(1 — p;). In
our model, this is tantamount to assuming that each stage
operates like a M /M /1 queue. Lee and Zipkin’s approxi-
mation procedure can be adapted for systems for which the
processing delay at each stage can be modeled as a contin-
uous phase-type distribution after ignoring the interdepen-
dence among different stages.
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Buzacott et al. (1992) characterize the distribution of
inter-arrival times to the second stage in a two-stage sys-
tem of the type shown in Fig. 1(b). They observe that the
coefficient of variation of the inter-arrival times at stage-2 is
between 0.8 and one. Therefore, they recommend using the
M /M /1 approximation for stage-2 queueing systems. In ef-
fect, both approximations replace a system with by > 0 by
a system with by = 0 for the purpose of finding joint queue
occupancy levels. Both articles report that the approxima-
tion works well after comparing approximate performance
measures to their estimates obtained via simulation. Lee
and Zipkin also point out that their approximate proce-
dure is sufficiently accurate to be used in applications in
which one wishes to find optimal base-stock levels. In this
article, we use Lee and Zipkin’s approximation to estimate
performance measures of all systems that use DD. Given
our goal of providing a rapid modeling tool useful for gen-
erating insights, this represents an appropriate compromise
between accuracy and ease of modeling.

Proposition 2 below provides expressions for perfor-
mance measures of interest. The proof is omitted as it is
similar to the way in which Equations (1)—(4) are derived.

Proposition 2. In a system with DD, expected inventory, the
backorder level and the order-fulfillment time are given by:

bg
- o1l —p
Fatvay = na— (2=20)), ©
— P1
bd+l
Bhg ~ 2 P ()
l—p 1—pi
bg+1
= 01 P2
Fa(bg) ~ . 8
R X R s ®

Furthermore, the probability that the order-fulfillment time
exceeds a quoted lead time x is

Fy(bg) = Pr(Fy(ba) > x),

(1 + pbd(l _ p)ux)e_“(l_p)x
if py = p2 = p,
bd+1
I e_MZ(l_pZ)x + (1 - IOZ)/O] )
P2 — P1
x (e—uz(l—pz)x _ e—Ml(l—pl)-\')
otherwise.

©)

Consider now the WIP inventory in the two types of pro-
duction systems. In the pure MTS system, each production
stage is a M /M /1 queue with a utilization factor of p; and
therefore the total WIP is ), p;/(1 — p;) (see, for exam-
ple, Kleinrock (1975)). Since the MTS stage of the system
with DD is indeed a M/M/1 queue, its average WIP is
p1/(1 = p1). The MTO stage is not M/M/1, however, it
can be approximated quite accurately by a M /M /1 queue
(Lee and Zipkin, 1992). Thus, a close approximation for the
average WIP in the DD system is the same as the average
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WIP in the pure MTS system. This is the reason why the
relevant inventory cost terms do not include the WIP in-
ventory costs.

Let ze(br) and zg(bg) denote expected costs for the
MTS and DD systems respectively. Then, for systems with
service-level constraints, zp(by) = heMIp(b;) and zq(bg) =
hal4(bg). For cost-based systems, the objective is to mini-
mize the sum of expected inventory holding and backorder-
ing_ costs, i.e._, Zf(bf) = M(hf]f(bf) + ,BB(bf)) and Zd(bd) =
halq(bg) + BB(bg). From the fact that for both pure MTS
and DD systems, the average inventory is increasing in the
base-stock level, by or by, and that the average order delay
and the probability of the delay not exceeding a quoted lead
time are both decreasing in the same, it follows that the op-
timal values of by and by are always the smallest values that
satisfy the service-level constraints. For cost-based systems,
the functions z¢(by) and zq(b4) are convex in by and by respec-
tively. Therefore, the optimal base-stock level is the smallest
integer b; that satisfies zp(by + 1) — z¢(bg) > 0 for the MTS
system and zgq(bg + 1) — z4(bg) > 0 for the DD system.

Obtaining a closed-form expression for the optimal base-
stock level for the MTS system is difficult. However, it can be
easily computed numerically. For the approximating system
with DD, whose performance measures are listed in Propo-
sition 2, a closed-form expression for the optimal base-stock
level can be derived for each problem formulation. These
are presented in the proposition below (the proofis omitted
for brevity).

Proposition 3. For a DD system, if the objective is to minimize
the expected inventory cost subject to the expected order-
Sfulfillment time not exceeding o, then:

In[A(1 = pi)(er — p2/ A(1 = p2))]
In(p1)

where [t] represents the integer ceiling of t. If the service
performance is defined by an upper bound on the probability
of the order-replenishment time exceeding a quoted lead time
x, then:

by = [ 1], (10)

"ln((a —p9)/(p*(1 - p)))w
In(p)
bi(x) = if py=p2=0p,
Fn (e = p3) (2 = p1) /(211 — p2) (o5 — Pf)))—‘
In(py)
otherwise,
(11)

and, if the objective is to minimize the sum of the expected
holding and backorder costs, then:

b LMJ (12)

4= In(pr)
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Notice that the optimal base-stock for a cost-based sys-
tem is independent of p, since with DD all items are
backordered.

3.2. Analysis and comparisons

Next, we compare the optimal costs incurred in the MTS
and the DD system in a large number of numerical exper-
iments. Patterns that emerge from these experiments are
reported below as observations. We also comment on the
importance of these observations to operations managers.
Later, in Section 5, we shall see that the limiting behavior
of the optimal cost functions observed in the numerical ex-
periments indeed matches with the limiting behavior of the
algebraic functions representing the costs in closely related
systems. However, we have not been able to prove the results
reported in the remainder of this section through rigorous
mathematical arguments.

Observations are reported under three headings, where
we focus, respectively, on: (i) the effect of loading; (ii) the
number of products; and (iii) the desired service level. The
system design objective is to minimize the expected inven-
tory holding cost while keeping the average order delay be-
low a maximum permissible level. However, the qualitative
insights remain largely valid when a constraint on the prob-
ability of the order delay exceeding a quoted lead time is
used, or when a cost-only formulation is used. Differences
are noted when appropriate. B
_ Since Fy(bg) — p2/A(1 — p2) when by — oo and Fy(bg) =
Fi(br) — p1/A(1 = p1) + p2/A(1 — p2) when both by —
0 and by — 0, comparing DD and MTS is meaningful
only if pa/A(l — p2) < a < p1/A(1 = p1) + p2/A(1 = p2).
If ¢ < p2/A(1 — p2), then DD is not a feasible option and
a pure M TS system must be adopted. On the other hand, if
o1/A(1 — p1) 4+ p2/A(1 — p3) < «, there is no need to hold
inventory and a pure MTO system is optimal.

3.2.1. The effect of loading

Figure 2 shows the results of our first experiment in which p;
is varied and all other parameters are kept fixed. The ratio
of the optimal inventory costs under pure MTS and the
DD systems, denoted as zf/zj, is plotted against p;. Recall
that zf = M hel, f(bf) and z§ = hal, a(b}). Both systems meet
the same service performance constraint. Therefore, larger
values of this ratio indicate a greater relative cost advantage
of using DD over MTS. .
min

The effect of p; is non-monotonic. For p; < p™", where:

piin _ aA(l —p2) — p2
: (I =p)(1 +ah)—p’
zr=z3=0

min __

since both systems operate in the MTO fashion. For p;
slightly larger than pi™", a larger p; tends to increase the
relative cost advantage of DD. This initial increase is an
artifact of the integrality of the base-stock levels since the

MTS system is required to hold at least one unit of stock



536

70

Gupta and Benjaafar

Zf*/zd*

T

0 0.2 0.4

06 0.8 1

Utilization (p,)

Fig. 2. The effect of utilization of the first stage on the relative benefit of DD (i = 1, iy = 0.5, « = 4.5 and p, = 0.8.

for each product even though a small fractional amount
is optimal. The effect diminishes for a higher p; and the
ratio zf/z} decreases in py. In the limit as p; — 1, z7/z}
approaches h¢/ hq, or equivalently /1(b})/14(b}) approaches
one. Since in most practical situations, stage-1 utilization is
likely to be high, we expect the relative advantage of DD
to decrease as stage-1 becomes more capacity constrained.
Note that DD is cheaper so long as hq < hg.

Observation 1. When p, is sufficiently large, the relative ad-
vantage of DD over the pure M TS strategy is diminishing in
01, with limpl_>1 ZF/ZZ; = hf/hd.

In order to understand on an intuitive level why the
ratio zj/z} decreases in p;, note that when p; is high,
stage-1 begins to dominate the replenishment delay. Item-
for-item, the semi-finished inventory is less effective in re-
ducing the replenishment time as compared to the finished-
goods inventory. At the same time, a high p; implies that
the inter-departure times from stage-1 become more depen-
dent. Since inventory pooling becomes less valuable when
the lead time demands of the items being pooled are more
positively correlated, DD also becomes less valuable. When
o1 1s high both the DD and the MTS systems require sig-
nificant levels of inventory to meet the service-level require-
ment. Eventually, both b} and b} explode causing the ratio
zf /z3 to approach the ratio of their holding cost rates (i.c.,
If/]d — 1l as I, 14 — OO)

The ratio zf/z} is affected in a different way by changes
in p,. First, note that, similar to p;, when:

min aA(l—p1) —p

< =
= = 00 +an) —pr

no inventory is held under both MTS and DD and the
two systems are equivalent. However, in contrast to the ef-
fect of py, the ratio z/z} is monotonically decreasing in o,
when py > piMin. For a sufficiently large p», DD becomes
more expensive than MTS and eventually infeasible. These
effects are illustrated in Table 1 for an example system.
The main reason why DD is progressively less desirable
can be explained by the fact that in the DD system, the
only way to compensate for a longer delay at stage-2 is to
reduce the delay at stage-1 by holding more semi-finished
inventory. The effectiveness of additional semi-finished in-
ventory is increasingly smaller as more inventory is added
(see Equation (8)). That forces the DD system to hold a

Table 1. The effect of utilization of the second stage on the ratio
zf/z5 (he=1,hg = 0.5, = 5,and p; = 0.8)

P M=35 M =10 M=15 M =20
0.3 1 1 1 1
0.35 25.08 67.78 114.32 162.3
0.4 24.51 66.96 113.38 161.29
0.45 23.87 66.03 112.3 160.12
0.5 23.15 64.94 111.02 158.73
0.55 22.32 63.65 109.5 157.07
0.6 7.63 22.18 38.45 55.37
0.65 7.23 21.51 37.63 54.47
0.7 3.61 11.05 19.56 28.48
0.75 1.50 4.76 8.54 12.54
0.80 1.39 1.59 291 4.32
0.81 0.94 1.09 2.00 2.98
0.815 0.66 0.76 1.40 2.09
0.818 0.33 0.38 0.70 1.05
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Fig. 3. The effect of the number of products on the relative benefit of DD (i = 1, hg = 0.5, « = 9.5 and p; = 0.8).

proportionally greater amount of inventory to meet the tar-
get order-fulfillment time.

Observation 2. DD becomes less desirable with increases in
02. When py is sufficiently high, DD becomes an inferior
strategy to MTS, and eventually infeasible.

3.2.2. The effect of the number of products

The effect of the number of products on the ratio zf/z} is
illustrated in Fig. 3. In this figure, we vary M for a fixed
A. Alarger M therefore corresponds to greater fragmenta-
tion of the finished-goods inventory for the MTS system or,
equivalently, to a bigger relative advantage for the DD sys-
tem owing to inventory pooling. In other words, the ratio
zf /zj 1s generally increasing in M.

The MTS system needs to keep at least one unit of in-
ventory in order to satisfy the constraint on the order-
fulfillment time. Since individual-item demand, and there-
fore the need for inventory decreases with M, for sufficiently
large M, the MTS system keeps exactly one unit of inven-
tory for each item, making its cost linear in M. In con-
trast, from Equations (6) and (8), the DD system’s order
delay and inventory carrying cost remain unaffected. This
explains why zf/zj is linear in M for large M. However,
since by and by need to be integer quantities, the effect of
increasing M is not always monotone. Specifically, the re-
quirement of an integer b; can sometimes lead to choosing
a higher inventory level than the precise amount needed to
meet the order-delay requirement. Consequently, within a
limited range, small increases in M can result in a significant
decrease in the average inventory (see Fig. 3).

When observing the effect of M on zf/z}, the results ob-
served for a cost-only formulation are different. In a cost-
based formulation, when M is sufficiently large, no stock
is held in the finished-goods inventory and the MTS sys-
tem reduces to a pure MTO system. In that region, zf/z] is
constant.

Observation 3. For systems with a service-level constraint,
the ratio zf / 2} is linear in M when M is large; for cost-based
systems, the ratio is unaffected by M for large M.

3.2.3. The effect of the service level

The effect of varying the service level is illustrated in
Fig. 4. Here, in order to carry out a meaningful com-
parison we let o = pp/A(1 — p2) + €, and vary €, where
0 <e < p1/A(1 — py). Fore > p;/A(1 — py), no inventory
is held and production occurs in a MTO fashion. Thus, in-
creasing o means increasing the order-delay slack available
to the system with DD. As we can see, a smaller order-delay
slack tends to diminish the relative benefit of DD since it
requires the system to maintain more inventory. In fact,
when e is sufficiently small, DD becomes a more expensive
strategy than MTS. This effect is particularly pronounced
when the utilization at stage-2 is high. The overall effect
of reducing service-level slack is similar to the effect of in-
creasing utilization. Therefore, the behavior of zf/z] can
be explained using arguments similar to the case when p;
and p; are increased. In practice, this means that when cus-
tomers have little tolerance for delay, DD is not an economic
strategy.
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Fig. 4. The effect of the service level on the relative benefit of DD (4 = 1, hig = 0.5 and p; = p» = 0.85).

Observation 4. The relative value of DD decreases with
tighter service-level requirements. The decrease is particu-
larly significant when the utilization at stage-2 is high.

4. The optimal point of differentiation

Here we explore the economics of affecting the Point of
Differentiation (PoD), when the production process con-
sists of an arbitrary number of stations in series. In this
context, choosing a PoD corresponds to locating the pull-
push boundary, or equivalently, to the point where we place
the buffer of undifferentiated inventory, dividing the pro-
duction process into MTS and MTO stages. There are many
documented examples of companies successfully changing
the pull-push boundary. For example, HP used a universal
power supply to advance the inventory staging point in their
printer supply chain (Feitzinger and Lee, 1997). Benetton
developed a dyeing process that allows it to dye knitted
sweaters into desired colors (Bruce, 1987). This advanced

the semi-finished inventory’s stocking point from wool to
knitted sweaters. However, such changes do involve addi-
tional costs. In what follows, we assume that later differen-
tiation is associated with a higher production system oper-
ating cost and a higher per-unit inventory holding cost. The
former is the amortized cost of altering the product design
and/or the production process to make delayed differenti-
ation a reality; it is also called the product/process redesign
cost.

4.1. The model

We consider a series production system comprising of K
distinct stations/indivisible tasks. Each station is char-
acterized by an exponential processing time with mean
E(T;) = 1/u; and a utilization of p; = AE(T;). The choice
of the PoD is analogous to choosing the number of sta-
tions, k, after which the buffer of undifferentiated inventory
is placed (see Fig. 5 for a schematic). The holding cost per
unit per unit time of undifferentiated inventory is /4(7), if the
PoD occurs after station-i. For the moment, we assume that

External demand

i Work release trigeer

O

! Finished
| products

Stage-1. Undifferentiated stage (MTS)

Fig. 5. The serial production system.

Stage-2: Differentiated stage (MT0O)
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there is complete flexibility in choosing k, i.e., 0 < k < K,
withk = 0 correspondingtoa pure MTO systemandk = K
representing the MTS system with a fully flexible product
that can satisfy all types of customer demands. In practice,
the latter situation corresponds to the case when product
differentiation occurs at the point of sale, for example, in
the form of dealer installed options on automobiles.

The production system design problem can be formu-
lated in a variety of ways. For example, we may choose to
optimize the inventory holding cost and product/process
redesign cost subject to a service-level constraint, as for-
mulated below:

min z(k, b) = h(k)I(k, b) + c(k) (13)
subject to
F(k,b) < a (or Fy(k,b) < a), (14)
k <K, (15)
k,b>0. (16)

In the formulation above, we have used b to denote the
target base-stock level, the function c¢(k) to denote the
amortized product/process redesign cost when PoD oc-
curs after station k and F(k, b) to denote the associated
order-delay distribution. Both c¢(k) and /(k) are assumed
to be non-decreasing in k. In an alternative formulation,
we could minimize the sum of inventory holding, backo-
rder and process redesign costs and eliminate the service-
level constraint. If the PoD cannot be moved beyond the
station indexed k., then constraint (15) is replaced by
k < Kmax.

Notice that at any station j < k, the WIP inventory is
not affected by the position of the inventory buffer of un-
differentiated items since these stations continue to operate
as M/M/1 queues. This happens because a raw-material
kit is released into the system for each order received and
the station processing times are assumed invariant as the
PoD is moved. For stations indexed j > k, the WIP levels
are affected by the size of the inventory buffer since it in-
fluences the inter-arrival times of the input units to station
k + 1, which in turn affects station k + 2, and so on. Lee
and Zipkin (1992) present evidence that even for multistage
systems of this kind, modeling each stage as an exogenous
supply system with exponentially distributed sojourn times
is a good approximation. Since we have only one staging
area for planned inventories, their method is equivalent to
treating each station-j, j > k, as a M/M/1 queue. There-
fore, the total WIP inventory is not affected significantly by
changing the PoD.

_ Key performance measures of interest are I(k,b) and
F(k,b) (or Fy(k,b)). These can be computed using the
matrix-geometric approach. Similar arguments have been
used to obtain Equation (4) in Proposition 1 (for ad-
ditional details, see Lee and Zipkin (1992)). In what
follows, we sketch out the significant steps of this
analysis.
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Let C; and P; be j x j matrices such that:

[—vi v
—V2 1y

Vv = [,L](l — p]) and P] = A(AI — Cj)il. (NOte that I is the
identity matrix of appropriate dimensions.) We also de-
fine row vectors v; = [1,0,... 0] forj =1,...,k — 1, v =
e Pl (1= v PL )] and vy1 = [y, (1 — y,0)), for
j=k,...,K—1, where e is a column vector of ones with
similar dimensions as «;. Setting ; = ~;P; and using Lee
and Zipkin’s approximation, the backorder level at station
J» Bj, has a discrete-phase-type distribution with parame-
ters (7r;, P;) for j # k and parameters (nsz, Py) forj = k.
This also means that order delay F; has a continuous-phase-
type distribution with parameters (v;, C;) for j # k and
('ykP,f, Cy) for j = k. Furthermore, if we let N, denote the
number of units on order at station k (N = b — I + By),
then N has a discrete-phase-type distribution with param-
eters (., Pi). Performance measures of interest are now
obtained as summarized below.

Proposition 4. In a series system with the PoD at station-
k and buffer size b, the expected inventory, backorder level
and average order-fulfillment time at station-j are given as

follows.

0 Jj#k,
I;=1{b— N;+ B WhereNk=nk(I—Pk)*le. (17
otherwise,
_ T(I—P) le J#k,
Bj ~ J , J B _ (18)
m P,(I—Py)""e otherwise.

Furthermore, the probability that the order delay exceeds a
quoted lead time x at station j is:

forj #k,
~v;P?e% e  otherwise.

,.Yjec/‘xe

Pr(F} = x) ~ { (20)

System-level performance measures are I(k,b) =1,
B(k,b) = Bk, F(k,b) = Fg, and F(k, b) = Pr(Fx > x).

The approximations in the above expressions come from
the fact that for stations j > k, we are approximating the
queue-length and order-delay distributions by those of in-
dependent M /M /1 queues.

The expected inventory, backorder level and the order-
fulfillment delay can be further simplified after recognizing
that the distribution of number of items in the MTS segment



540

follows a generalized negative binomial distribution. These
relationships are given below:

b
Ik, b) =) (b = r)mi(r), 1)
r=0
where
. (r)=Pr(N, =1)
r+k—1 « .
(k )(1—p)p if pj = p,
TS T - ) o
otherwise.
= H,';ej(roj — pi)
K
Blk.b)~T(.b)+ ) - ffp_ _b. (23)
=1 J
F(k, by~ B(k,b)/A. (24)

It is easy to see that for each fixed k, I(k, b) is monoton-
ically increasing and F(k, b) and Pr(F; > x) are monoton-
ically decreasing in b. Therefore, given k the value of b that
minimizes the holding cost subject to a service-level con-
straint is the smallest feasible b. In light of this property,
it is easy to devise a procedure for finding the optimal k
and b. Starting with the smallest feasible &, denoted kp;n,
we calculate contingent optimal b(k) and z(k, b(k)), until
k = min(kmax, K). The best (k, b) pair is the one that re-
sults in the minimum overall cost.

4.2. Examples and insights

Next, we carry out numerical experiments in which we study
how the optimal values of k and b and the optimal cost
change with respect to changes in the capacity, service level
and holding and redesign costs. Results of selected experi-
ments, as well as generalizations supported by these exper-
iments are reported in the remainder of this section. (For
brevity, we only consider the case where the objective is to
minimize the sum of the inventory holding and process re-
design costs, subject to a constraint on the expected order
delay.) Note that even without redesign costs, choosing the
optimal k is non-trivial. For the same service performance
level, b is decreasing in k in a non-linear fashion. Since a
larger b results in a greater average inventory, there is a non-
trivial trade-off between the unit holding costs (which are
increasing in k) and the average inventory (which is decreas-
ing in k). (In this article, increasing means non-decreasing
and decreasing means non-increasing. The qualifier “strict”
is used to denote a strict inequality.) Some generalizations
based on numerical experiments that capture these trade-
offs are summarized in Observations 5 and 6 below. We do
not have rigorous proofs for the statements made in these
observations.

Observation 5. 4 series system with balanced stations has the
following properties:

Gupta and Benjaafar

1. k* and b* are decreasing in o (lower a = tighter ser-
vice requirement) and increasing in A (higher utilization).
However, due to the requirement that k* and b* be integer
quantities, this pattern may not hold for small changes in
a and A.

2. k* is increasing and b* is decreasing in the unit inventory
cost h(i), when h(i) is assumed linear in i.

3. k* is decreasing and b* is increasing in the redesign cost
c(k).

The above properties are illustrated in Figs. 6-9. Figures 6
and 7 show, respectively, the overall pattern and the non-
monotone relationship between £* and o* and « for an
example system. Both figures use the same basic data:
p = 0.85, K = 10 and linear holding and production sys-
tem costs. In Fig. 6, « is increased in steps of one over the
range [1, 57] whereas in Fig. 7, we choose a finer granular-
ity by way of changing « in steps of 0.5 from 35 to 55. An
example illustrating the effect of 5* and ¢(k) on k* is shown
in Fig. 8 and the effect of ¢(k) on b* is shown in Fig. 9.

Observation 6. If there is flexibility in arranging the sequence
in which different workstations are visited, it is desirable to
place stations with a tighter capacity in the MTS stage.
Furthermore, it is desirable to balance stations within each
stage but not necessarily across stages.

We give concrete examples of these trends in Tables 2 and
3. Table 2 data pertains to a system with K = 4 stations,
exactly two of which are in the MTS stage, i.e., k = 2. This
production system is comprised of two stations with utiliza-
tion 0.7 and two stations with utilization 0.8. We assume
that any two of these four stations can be placed in the MTS
stage. Table 2 shows the optimal » and corresponding cost

90
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Fig. 6. The effect of the service level on the optimal PoD and
buffer size (K = 10, (i) = 0.5, c(i) = i and p = 0.85).
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Fig. 7. The effect of the service level on the optimal PoD and
buffer size (K = 10, (i) = 0.5, ¢(i) = i and p = 0.85).

under different workstation orderings at the two produc-
tion stages. Note that the configuration in which the two
stations with the heaviest load are placed in the MTS stage
minimizes the overall cost. This makes intuitive sense since
undifferentiated inventory only reduces the effective delay
in the MTS stage.

Table 3 presents evidence that balancing the workload
within a production stage is desirable. Its data are: K = 4,

541

21

420

©
T o F ==~

Redesign Cost Rate

Fig. 9. The effect of the redesign cost rate on the optimal PoD and
buffer size (K = 10, ¢ = 40(= kmin = 3), h(@) = 1.5, ¢(i)) = n x i,
where # is varied and p = 0.85).

k = 3, o = 12 and linear holding and process design costs.
The base case consists of four stations with different loads
ordered in decreasing utilization. Suppose that the work-
load could be redistributed among the three stations in the
MTS stage. How should the workload be assigned? This
example shows that redistributing the load such that work-
stations within the MTS stage are balanced minimizes the
total relevant costs. Redistributing the workload among sta-
tions in the MTS stage increases the effective production
rate of the bottleneck station in that stage. This is what
drives the improvement we observe upon balancing the
workload.

5. The effect of partial DD

In the previous two sections, we assumed that a platform
common to all products can be built in the undifferentiated
segment of the production process. In many industries, this
is either not possible or too expensive. Instead, products

Table 2. The optimal ordering of work stations (K = 4, h(i) =
1.251, ¢(i) =i, =9 and k = 2)
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Fig. 8. The effect of the holding cost rate on the optimal PoD and
buffer size (K = 10, « = 35(= kmin = 4), h(i) = m x i, where m
is varied, c¢(i) = i and p = 0.85).

(p1, P2, P35 P1) b* Cost

(0.8,0.8,0.7,0.7) 5 4.3304
(0.8,0.7,0.8,0.7) 5 5.1584
(0.7,0.8,0.8,0.7) 5 5.1584
(0.8,0.7,0.7,0.8) 5 5.1584
(0.7,0.8,0.7, 0.8) 5 5.1584
(0.7,0.7,0.8, 0.8) 7 9.8030
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Table 3. The optimal redistribution of workload in the MTS stage
(K=4,h(i))=1i,c(i)y=i,a =12and k = 3)

(15 02, P35 P1) b* Cost

(0.9,0.8,0.7, 0.6) 6 4.2316
(0.9, 0.85, 0.65, 0.6) 7 4.6155
(0.9, 0.75, 0.75, 0.6) 5 3.7999
(0.95, 0.8, 0.65, 0.6) 19 15.5391
(0.85, 0.8, 0.75, 0.6) 3 3.2620
(0.95,0.75, 0.7, 0.6) 18 14.6133
(0.85, 0.85, 0.7, 0.6) 4 3.4869
(0.8,0.8, 0.8, 0.6) 2 3.1056
(0.8,0.9, 0.7, 0.6) 6 4.2316
(0.8,0.7,0.9, 0.6) 6 4.2316
(0.9,0.7, 0.8, 0.6) 6 4.2316
(0.7,0.9, 0.8, 0.6) 6 4.2316
(0.7,0.8, 0.9, 0.6) 6 4.2316

are often grouped into families and a standardized plat-
form is designed for each family (Garg and Tang, 1997).
Thus, instead of building a single undifferentiated product
in stage-1, multiple partially differentiated items are pro-
duced and stocked in separate intermediate buffers. These
partially differentiated items are then fully differentiated in
stage-2 once demand is realized. In this section, we com-
pare systems with full versus partial DD. We are particularly
interested in identifying conditions when Partial Differen-
tiation (PD) does not result in a significant deterioration in
performance. Note that if we ignore redesign costs, a system
with a single undifferentiated product is always superior.
However, since the costs of designing a common platform
that is shared by all products can be significant (especially
when the number of these products is large), there is a need
to trade-off the additional benefits of full DD against the
cost savings realized with PD.

5.1. The model

We use a single station to model each of the MTS and MTO
stages of the production process (extension to a system with
multiple stations of the type described in Section 4 is pos-
sible). For a system with PD, we have M buffers of par-
tially differentiated products. In order to isolate the effect
of the number of PD products, we let the demand associated
with each PD product be A = A/M. Proposition 4 provides
performance measures for systems with PD. The proof is
similar to that of Proposition 2 and is omitted for brevity.

Proposition 5. For a system with M PD products, the aver-
age inventory level, the average number of backorders, the
average order-fulfillment time and the probability of the ful-
fillment time exceeding a quoted lead time x, can be obtained
respectively as

&A%@=:M(%d—1lir(1—ﬁ%))
— P1

(25)
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Abpd+l

5 Py P2
Bpa(bpa) ¥ M ——— , (26)
pare l—p1 1—p
oyt 02
Fralbpa) ~ ——— , and (27)
e Al =p1) A —p)
F/‘,x(bpd) = Fx(bpd) = Pr(de(bpd) > Xx),
(1 + A1 — ﬁ)ﬁbpdx)e[/\(lﬁ)/ﬁ]x
p . A ~
if p1 = p2=p,
A N Abpatl
R o =pa/alx | (%) (28)
P2 — P1
X (e—[)n(l—ﬁz)/ﬁz]x _ e—[)h(l—ﬁl)/ﬁﬂx)
otherwise.

where, as before, p; = pi/(M(1 — p;)+ p;). Note that
F; (bpa) refers to the waiting-time distribution for items that
are made from the type-j undifferentiated platform.

The expressions in Equations (26)—(28) are approxima-
tions since the second term in each case is derived after
assuming that the stage-2 production system operates ap-
proximately like a M /M /1 queue. This assumption allows
us to simplify the constraint on the average order-fulfillment
time as follows:

Abpat+1
M p
A <a, (29)
Al = p1)
where & is the allowable delay in stage-1, after netting out
the delay in the MTO production stage. According to our
approximation, & can be estimated as:

P
Al = p2)’

Similarly in a cost-based system we can ignore the compo-
nent of backorders due to stage-2 in determining the opti-
mal base-stock level.

Optimal base-stock levels can be obtained using the ap-
proach presented in Section 3. For systems with a con-
straint on the average order-fulfillment time, the optimal
base-stock level is given by:

pd In(p1/[M(1 = p1)+ p1]) |
Note that we assume & < p;/(A(1 — py)). If this condition

is not satisfied, then a pure MTO system is optimal. For a
cost-based system:

a~x o

(30)

*__{mwﬂh+ﬁﬂJ. an

pd ™ In 5,

For a system with a constraint on the probability of the
order-fulfillment time exceeding a quoted lead time x, a
closed-form for the base-stock level is difficult to obtain.
However, it can be easily computed numerically.
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The models presented in this section, with appropriate
reinterpretation, may also be useful in studying systems
where the second stage takes significantly less time than the
first one (i.e., differentiation can be rapidly carried out).
In that case, both the MTS and DD systems have a single
stage, with the difference being in the number of end items
stocked.

5.2. Analysis and insights

As we did in earlier sections, we compute the ratio of the op-
timal inventory costs, subject to a constraint on the average
order-fulfillment time, under partial DD and full DD. We
begin by examining the effect of utilization; since the MTO
stage of the production process is not affected by the de-
gree of PD, we focus attention on the effect of changing p;.
However, unlike the earlier sections, we are able here to an-
alytically characterize the limiting behavior of optimal cost
functions with respect to capacity utilization, the number
of partially differentiated items and the order-delay slack.
These results agree with the numerical insights obtained in
Section 3 (proofs can be found in Appendix B).

Proposmon 6. The ratio z Gl/zd — hpa/ ha as p1 — 1, where

iy =h dMIpd(b 4) and z3 = hqal4(b}), which means that

pd(bpd)/ld(bd) —las pp — L Furthermore pd =z;=0
when P1 = Pmin = OlA/(l + O‘A)

Proposition 6 shows that the relative advantage of using a
single common platform diminishes when the utilization is
high, an effect related to the high correlation of the number
of items of different platforms that are on order in the PD
system. The result also shows that when the utilization is
sufficiently low, PD and DD become equivalent since pro-
ducing to order becomes feasible. On the other hand, when
the utilization is in the midrange, the benefits of DD can be
significant.

The effect of M on the ratio Z:;d /zj can be shown to be
non-monotonic in general. The non-monotonicity is, how-
ever, limited to cases when M is relatively small. For large
M, cost for the PD system increases linearly in M and,
since the cost zj is independent of M, the ratio Zpal 7 also
increases linearly in M.

Proposition 7. If M > Miax = [p1/(1 — p)llp1/a Al —
p1) — 11, then z3y = hpa M(1 — py).

Proposition 8 considers the effect of the order-delay require-
ment on the ratio Zpal Z4-

Proposition 8. Zpal 23 = (hpa/ ha)M In(p1)/ In(p1), as & —

0. Furthermore, z d/Zd (hpa/ ha)M (1 — p1)/(1 — p1) when
PHIAQ = p0)] <@ < pi/A(L — py) and zy = z§ = 0 when

5! > p1/A(1 = py).

In the range & < pi/[A(1 — p1)], Zpa/ %4 is observed to be

mostly increasing (although not monotone) in &. DD is less
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valuable when either & is small or large enough that MTO
production becomes feasible. The value of DD can, how-
ever, be significant when & is in the mid-range. For example,
when p?/[A(1 — p1)] < & < p1/A(1 — py), the expected in-
ventory under PD is at least M times the expected inventory
under complete DD.

6. Conclusions

In this article, we presented mathematical models, analysis
and numerical examples to assess the benefits of DD in set-
tings where the lead times are load dependent. Our models
capture important interactions due to congestion that are
absent in traditional inventory models. The following gen-
eralizations are supported by a large number of numerical
experiments.

1. The desirability of DD depends on the amount of slack
capacity available. A tighter capacity diminishes the
value of DD and favors MTS production. This effect has
two underlying causes; (i) a higher utilization, at either
stage of production, induces the higher inventory levels
that are needed to meet service level requirements or to
mitigate backorder penalties; and (ii) a higher utilization
in the MTS stage increases the positive correlation in the
lead times of consecutive orders, thus reducing the value
of inventory pooling due to DD.

2. The effects of slack capacity in the MTS and MTO seg-
ments of the production process for systems with DD
are not symmetric. A tighter capacity in the MTO seg-
ment is more detrimental to the desirability of DD since
there is no inventory to buffer the longer lead times in
the MTO segment.

3. If there is flexibility in choosing the PoD, a higher load-
ing tends to favor later differentiation. Also, whenever
there is flexibility in ordering the workstations that con-
stitute the production process, placing workstations that
have a tighter capacity in the M TS stage is more effective.

The simplicity and ease of implementation of the models
make them useful for strategic decision-making and for
building intuition regarding the complex interactions be-
tween capacity, congestion, inventory levels, quality of ser-
vice and cost.
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Appendices

Appendix A: Performance metrics for a MTS system

Since demand is Poisson and processing times are expo-
nentially distributed the two stations behave like M/M/1
queues in tandem. Therefore:

a(r) =) mr)m(r —r1)

r1=0

r + D1 = p)*p, if pr = p2=p,
= 1 — 1 - V+1 - r+1
(1= p1)( ( '02)[’02) P1 ] otherwise.
02— P1
(AD)

Given r jobs in the system, the number of type-j jobs is bi-
nomially distributed with parameters r and A;/A =1/M.
Thus, we find probability p(k;) of k; type-j jobs at an arbi-
trary moment of observation as:

(0.¢]
plk) =" prrm(r), (A2)
r=k/
r! I\ M —1\ 7k
= = —_— , 0<k <r.
Por = Jltr —kj)!<M) < M ) =v=t
(A3)
Equation (A2) can be simplified to give:
(1+kp(1 — p)y*phi if p1 = p2=p,
plky) =1 (1 = p)(A = p)p"* = 4" .
= n otherwise,
P2 — P1
(A4)

where p = p/[M(1—p)+pl, and p; = pi/[M(1 — p;) +
pi]. Comparing Equations (A1) and (A4), we notice that
the distribution of number of type-j jobs in the system is
identical to the distribution of any r jobs in the system,
with the difference that p; is replaced by p;. In fact, it can
be shown that the queue-occupancy level by type-j jobs in
each of the two queues has a geometric distribution with
parameter p;. That is, we can obtain performance metrics
for each job type by considering an independent queueing
system comprising only of these job types. In the equivalent
system, jobs have an arrival rate of A = A/M, the service
rate in queue-i is i; = u; — (M — 1)X and the utilization is
Pi-

Consider the average inventory of type-j finished goods
denoted as Ir;. The inventory buffer is not empty only if
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the number of type-j jobs in process is less than b;. Thus,
by definition

by
Tij(bp) = Y (bt — ky)p(ky), (AS)
/( ,'=0
and
-_ M -_—
Ti(b) =y I j(by). (A6)
j=1

Substituting from Equation (A4) and simplifying leads to
Equation (1). In order to obtain the average order delay,
we first compute the average number of backorders of type-
J jobs (denoted by Br;) as: By j(br) = Z,?:bf(kj — b)p(k;).
Upon substituting from Equation (A4) and simplifying, we
obtain:

abet] 2/317;+1
()
_ if p1 = p2=p,
Bulbd =1 a—p)d—p)[ 4" 4"
P2 — P |:(1 — /)P (1- ,51)2]
otherwise.
(A7)

Equation (3) is obtained from the fact that Bi(b;) =
M By j(br) and after substituting from Equations (A7) and
(1). Equation (2) is obtained from Equation (A7) by noting
that Fy(by) = Fr(br) = M By j(br)/ A.

Since the distribution of order delay is the same for all job
types, we focus in the remainder of this Appendix on an ar-
bitrary job type. Let NV; denote the number of items that still
need to be produced at stage-i in order to bring the finished-
goods inventory level back to bs. Using the fact that each
stageisa M /M /1 queue, it is easy to see that the equilibrium
N;, i =1, 2 has a discrete-phase-type distribution with pa-
rameters (p;, P;), where py = p1 = Py, p2 = [p1, p2(1 — p1)]

and
p1 p2(1 = p1)
P, = A

which means that Pr[N; > m] = p,P]"e, e being the column
vector of ones. By the spectral decomposition of the matrix
P, we can compute the powers of the matrix easily as

Dy A -1
! Dy — D |:,of” 0 ] ! vy — D
1 — 2 m 11— V2 1>
1 0 m

m __
P2 _—

where U; = ;(1 — p;),i = 1,2. The order delay is dis-
tributed as a continuous-phase-type distribution with pa-
rameters (fszgf, C,), where v, = [p1, 1 — p1] and

-
G, =
[
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which implies that Pr[Fi(br) > x] = fng}z’feCer. The simpli-
fied expression for customer-delay distribution is shown in
Equation (4).

Appendix B: Properties for a system with partial DD

Proof of Proposition 6. Recognizing that p;/(1 — p;) =
01/(M(1 — py)) the ratio Zpal/Zq can be rewritten as:

Zpa/Zg = (hpa/ ha)
M(1 — p)[nfég (1 — p))/In[pi]] — o1 (1= p17'T)

X S 3
(1= p)Mnfége (1 — p))/In[pr]] — pr (1 = pffiert = polinleily
(A8)

where [7] is the integer ceiling of 7. Noting that:

Pn[&m(l — ,01)]—‘ and ’7111[5!#1(1 — ,01)]—‘
In[p1] In[pi] ’

are very large numbers when p; — 1, we can ignore inte-
grality (i.e. limy_  [X]/x = 1 for x € R). Then, taking ad-
vantage of the fact that /) = (@Y it is straightforward
to show that:

0111211 Zpa/Z4 = (hpa/ ha)
M1 = p))(nfapi(1 = p)l/In[p1]) = pr(1 = api(l = p1))

pi—1 (1= p)(Infap;(1 — p)]/In[p1]) — p1(1 —api(1 — p1))
(A9)

Let

In[& 1—
ﬁwn=Ma—mﬁ@%%ﬁﬁ@

In[a 1 —
ﬁ@o=a—mﬁ@%iﬁﬂl

and fo(p1) = p1(1 —&ui(1 — p1)). Then, we can rewrite
Equation (A9) as:

Si(p1) —fo(m))

lim Z;d/zz = (/’lpd//’ld) lim (
p1—1 p1—1

S1(p1)
S2(p1) fi(p1)
X(fz(/ol) —fo(m)) 2(/01)). (A10)

In order to show that lim, z;d /25 = hpa/ hq, it is suffi-
cient to show that:

i ( 1(01)—fo(m)> — Lm (/ fa(p1) )
o1 Si(p1) pi=1\ f2(p1) — fo(p1)
— lim (];(pl)> — 1. (AlD)
oi—~>1\ f2(p1)
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First, note that lim,, .1 fo(01) = 1 and

M1 — py)Infap,(1 - p1)]
2 In[p1] = In[M(1 — p1) + p1]’
which, upon applying L’Hopital’s rule, reduces to:

lim fi(p) = lim — A Mnl@md = o) =
1> 1 p—11/p1 — (1 = M)/[M(1 = p1) + pi1]
(A12)

11m fl(,Ol)

= Q.

Similarly, we can show that lim, _, f2(p;) = oo. Conse-
quently, we have:

A0 —file) (1 flen
tim MRS i (1= B200) =1,
and
Sley 1

lim — 2P g
o falor) —folpr) 1 T folo0) (o)

Finally, we have:

fl(m) M In(py)
1—>1f2(,01) In(p1)

Since both the numerator and denominator are zero as
o1 — 1, we apply L’Hopital’s rule to obtain:

p1—>1

lim Silpr) im M/ p _
ﬁlfz(m) p—=11/p1 — (1 = M)/(M(1 — p1) + p1)
Hence, lim,_,; zl*;d/zf1 = hpa/ hq. [ ]

Proof of Proposition 7. Since the optimal buffer size is
given by:

) _[ ln[&(m—mw
pd ™ In[p1] ’

by = 1if In[a(uy — A)]/In[p1] < 1, or equivalently:

L1 L1
—1].
M=14 —pl)[&A(l >y }

Substituting b;;d = 1 in the objective function leads to Zpg =
hpa M (1 — p1). ]

Proof of Proposition 8. Noting that:

"111[56#1(1 - ,01)]—‘ and’rln[&ul(l - ,01)]—‘
In[p1] Infpi] ’
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are very large numbers when @ — 0, we ignore integrality.
Then, the limit can be written as

olg% Zpa/ 78 = oltiil})(hpd/hd)

M(n[api(1 — p)l/In[p1]) — p1/(1 — p)(1 — &ui(1 — p1))
(n[éui(1 — pD)l/In[o1]) — p1/(1 = p)(A — épi(l — p1))
(A13)

Since the limit of both numerator and denominator is in-
finity, we apply L’Hopital’s rule to obtain:

hm zpd/zd = llm(hpd/hd)1 [,01]/

Mln
= (hpa/ hd) iy

In[p]
(Al4)

When & > 1/(u1 — A), by = b;‘; = 0 and, consequently,
zj=25=0. When pf/(A(l=p) =& =1/(u1—A),
b = 1 Since in this region, b; > 1 and since b* < b*,
it follows that b;d = 1. Substituting b} = biy = li 1n zj and
Zpd respectively, we obtain Zpal 74 = (hpa/ha)M (1 — p1)/
(1= p1). L
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